Introduction
Recall that a morphism f : A −→ B in a category C is an epimorphism (in short epi) if for any two morphisms g, h :
The dual notion of a monomorphism (in short mono) is defined in the evident way.
In [4] E. Dyer and J. Roitberg proved the following result The above result is interesting because a morphism in a category which is simultaneously epi and mono need not be an equivalence. Let HCW
• be the homotopy category of pointed CW -spaces. If f : X −→ Y is a morphism in HCW * such that when considered as a morphism in HCW
• , f is a monomorphism, then f is also a monomorphism in HCW * . As a consequence we get a variant of Theorem 1.1
Theorem 1.2 If f : X −→ Y is a morphism in HCW * such that f is an epimorphism in HCW
* and a monomorphism in HCW • , then f is an equivalence in HCW * .
In the present paper we shall find conditions on a morphism f : X −→ Y in GHCW * , the G-homotopy category of pointed G-path connected G-complexes, where G is a finite group, to be an equivalence.
Let GHCW • be the G-homotopy category of pointed G-complexes. Then GHCW
Proposition 1.5 If f : S −→ T is an epimorphism in C(G) and S and T are Aadmissible, then f(G/H) : S(G/H) −→ T (G/H) is onto for every object G/H in
Proof Let S 1 : O G −→ G be the O G -group defined by
S 1 (G/H) = f(G/H)(S(G/H))
for any object G/H in O G and for a morphismĝ :
We have to show that S 1 coincides with T . Since f can be decomposed into S −→ S 1 −→ T , the natural transformation i : S 1 −→ T is an epimorphism. Define an O G -group P as follows.
the group of permutations of the union of T (G/H)/S 1 (G/H) with a disjoint set of one element. For any morphismĝ :
It is easy to check that this defines an O G group P : O G −→ G. Let σ H ∈ P (G/H) be the permutation which exchanges S 1 (G/H) and ∞, and leaves fixed all other elements. Then σ 2 H = id. Define a natural transformation t : T −→ P as follows.
Let s : T −→ P be the natural transformation defined by
To see that s is natural first note that for any morphismĝ :
It is easy to see that
We shall obtain Theorem 1.3 as a corollary to the following result.
Here H * G (Y ; M) denotes the Bredon-Illman cohomology with equivariant local coefficients system M on Y . Before proceeding further let us recall ( [8] , [7] ) the definition of H * G (Y ; M), and its properties.
Definition of H
For a G-space X, let ΠX denote the category whose objects are G-maps x H : G/H −→ X, and a morphism from
is the G-homotopy class rel end points of the G-homotopy φ. Recall that we have a homeomorphism a :
Note that for a fixed H, the objects x H together with morphisms x H −→ y H , which are given by the identity in the first factor and a G-homotopy class (rel G/H × ∂I) of G-homotopies φ : G/H × I −→ X from x H to y H in the second factor, constitute a subcategory of ΠX which is precisely the fundamental groupoid πX
Definition 2.1 An equivariant local coefficients system on a G-space X is a contravariant functor M from ΠX to the category Ab of abelian groups.

Note that for every H < G (H is a subgroup of G) M H = M/πX
H is a local coefficients system on X H and for a morphismĝ :
we may obtain an equivariant local coefficients system M on X as follows. For
Clearly the above correspondence is a bijection.
Let X be a G-space and
Definition 2.2 An O G -group T is said to act on an O G -group S (respectively O G -space) if there is a natural transformation ρ : T × S −→ S such that, for every H < G, ρ(G/H) is an action of the group T (G/H) on S(G/H).
The above consideration shows that if M : ΠX −→ Ab is an equivariant local coefficients system on X, then there exists an action ρ :
Conversely, given an O G -group M 0 : O G −→ Ab along with an action of π 1 X we can define an equivariant local coefficients system on X and this correspondence is bijective [7] .
Definition 2.3 Let X, Y be G-spaces, and M an equivariant local coefficients system on
The functor M • Πf is an equivariant local coefficients system on X, which we shall denote by f * M.
We shall denote vertices of the standard n-simplex n by e 0 , e 1 , . . . , e n and the j-th face operator
Let X be a G-space and M an equivariant local coefficients system on X. If σ : n × G/H −→ X is an equivariant singular simplex in X, then σ H will denote the G-map G/H −→ X defined by σ H (gH) = σ(e 0 , gH).
We define
If u : q −→ n is a singular q-simplex in n , and σ : n × G/H −→ X is an equivariant singular n-simplex in X, then σ(u) : q × G/H −→ X will denote the equivariant singular q-simplex σ • (u × id), and σ(u) * : σ H −→ σ(u) H will denote the morphism (id, [φ]), where φ : G/H × I −→ X is the G-homotopy given by φ(gH, t) = (tu(e 0 ) + (1 − t)e 0 , gH).
where σ is an equivariant singular (n + 1)-simplex in X. Thus we have a cochain
In this case we say that σ and τ are compatible under h. 
The map h induces a G-maph : G/H −→ G/K given byh(gH) = pr 2 •h(e 0 , gH), where pr 2 is the projection onto the second factor. Then
σ = τ •h implies σ H = τ K •h. Therefore, if k : G/H × I −→ X is the constant homotopy from σ H to τ K •h, then
Definition 2.4 The Bredon-Illman cohomology of X with equivariant local coefficients M is defined by H
It may be noted that H * G (X; M) reduces to the Steenrod cohomology with the classical local coefficients system [10] , when G is trivial.
If X is a G-map and M an equivariant local coefficients on Y , then f * M is an equivariant local coefficients system on X and we have a cochain map
. An interesting feature of the Steenrod cohomology of topological space X with local coefficients M is that it can be realized as certain coholmology of its universal covering X. If p : X −→ X is the covering projection, then π = π 1 (X, x 0 ) acts on X, and M 0 = M(x 0 ) is a π-module. Let C n π ( X; M 0 ) be the group of π invariant singular n-cochains, and H n π ( X; M 0 ) be the corresponding cohomology. Then a classical theorem of Eilenberg [5] [10], says that p induces an isomorphism
We next give a similar alternative description of the Bredon-Illman cohomology. Let X be a G-space such that, for every H < G, the fixed point set X H is connected, locally path connected and semilocally simply connected. For example X may be
with the deck transformation group D(p H ) of p H : X H −→ X H , and the action
Let M be an equivariant local coefficients system on X and
be the cochain complex of Eilenberg, where
is the subgroup of the singular cochain group C n ( X H ; M 0 (G/H)) consisting of cochains c which are equivariant with respect to the action c(σ) ), for every singular n-simplex σ : n −→ X H , where γ α is the deck transformation corresponding to α. Now define the cochain complex
Definition 2.5 We define the π 1 X-equivariant cohomology group of U(X) with coefficients
M 0 by H n π 1 X,G (U(X); M 0 ) = H n (S n π 1 X,G (U(X); M 0 )).
Theorem 2.6 Let X is a G-space, such that for each H < G the fixed point set X
H is connected, locally path connected, and semilocally simply connected. If M is an equivariant local coefficients system on X then
Sketch of the Proof. We need to introduce some notations. If σ : n × G/H −→ X is an equivariant singular simplex, then Nσ will denote the corresponding non- Define a homomorphism φ : 
, and σ : n × G/H −→ X be an equivariant simplex. Letσ : n −→ X H be the lifting of Nσ so that p Hσ = Nσ. Then set
It can be verified that ψ maps S
and is the cochain inverse of φ.
Next we define another cohomology group of U(X) with coefficients in an O G We shall show that κ is a surjection by constructing a homomorphism
is the n-th chain group of X H and B n ( X H ), and Z n ( X H ) are the boundaries and cycles respectively. We have a natural transformation π : Z n U(X) −→ H n U(X) and an exact sequence
Thus the natural transformation π extends to a natural transformation µ :
and the boundary homomorphism to be the zero natural transformation. Then µ : C * U(X) −→ E * is a chain map. This induces a cochain map We shall refer to this sequence as the long exact cohomology sequence associated tõ f.
Proof of Theorem 1.6
where the horizontal maps are isomorphisms and vertical maps are induced bỹmono, hencef
